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REMARKS ON TWO CONSTANTS OF POSITIVE CONFORMAL CLASSES
OF RIEMANNIAN METRICS
MOHAMMED LABBI
Abstract. For a given Riemannian metric of positive scalar curvature on a compact n-manifold,
we define two constants Ein([g]) and ein([g]) of the conformal class of g. Roughly speaking, the
constant Ein([g]) ∈ (0, n] measures how far away is the class [g] from containing an Einstein metric
of positive scalar curvature. The constant ein([g]) ∈ (−∞, 0) measures how far away is the class
[g] to possess a metric of nonnegative Ricci curvature and positive scalar curvature. We prove a
vanishing theorem of the Betti numbers of a conformally flat manifold by assuming a lower bound
on the first constant or an upper bound on the second one. As a consequence we were able to
determine these constants for reducible conformally flat manifolds. In four dimensions we prove
that if a manifold admits a positive conformally flat class then it admits a conformally flat class [g]
with Ein([g]) ≥ 3 and ein([g]) = −∞. We prove similar results for non-conformally flat classes but
with an additional conformal condition.
1. Introduction
Let (M,g) be a Riemannian manifold of dimension n. We denote as usual by Ric and Scal the
Ricci and scalar curvatures. Recall that the k-th modified Einstein tensor on M is defined by [9]
(1) Eink(g) := Scal g − kRic,
Where k < n is a constant. We define the following metric invariants
(2) Ein(g) := sup{k ∈ (0, n) : Eink(g) > 0} and ein(g) := inf{k < 0 : Eink(g) > 0}.
Where by Eink > 0, we mean that it is positive definite at each point of the manifold M . We
set Ein(g) = ein(g) = 0 if the scalar curvature of g is not positive and ein(g) = −∞ in case the
corresponding set of k’s is unbounded below.
Recall that Ein(g) = n if and only if the metric g is Einstein with positive scalar curvature.
Furthermore, ein(g) = −∞ if and only if g has nonnegative Ricci curvature and positive scalar
curvature, see [9].
Let M denotes the space of all Riemannian metrics on M . We define two smooth invariants
Ein(M) and ein(M) of M as follows
(3) Ein(M) = sup{Ein(g) : g ∈ M} and ein(M) = inf{ein(g) : g ∈ M}.
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The above invariants were studied in [9]. In this paper we restrict our study of the above
constants to a given conformal class. We start by a definition
Definition 1.1. Let [g] denotes the conformal class of the metric g, we define the following two
constants of [g]
(4) Ein([g]) = sup{Ein(g) : g ∈ [g]} and ein([g]) = inf{ein(g) : g ∈ [g]}.
We remark first that if the conformal class of g contains an Einstein metric with positive
scalar curvature then Ein([g]) = n. Similarly, if the conformal class of g contains a metric with
non-negative Ricci curvature and with positive scalar curvature then ein([g]) = −∞.
1.1. Statement of the main results. The first result is a vanishing theorem
TheoremA. Let (M,g) be a compact oriented conformally flat n-manifold and p an integer such
that 1 < p < n. Let k1 =
(n−1)(2p−n)
p−1 and k2 =
(n−1)(n−2p)
n−p−1 .
(1) Suppose n > 2p. If Ein([g]) > k2 or ein([g]) < k1 then the betti numbers bp and bn−p of M
vanish.
(2) Suppose n < 2p. If Ein([g]) > k1 or ein([g]) < k2 then the betti numbers bp and bn−p of M
vanish.
As a consequence we are able to compute the Ein([g]) and ein([g]) constants for the product of
two space forms of opposite signs as follows
Corollary A. Let n, d be positive integers such that d < n−22 . Let (S
n−d−1, g0) be the standard
sphere of curvature +1 and let (Md+1, g1) be a compact space form of curvature −1. We denote by
g the Riemannian product of g0 and g1 on S
n−d−1 ×Md+1. Then
Ein([g]) = Ein(g) = (n− 1)2d− n+ 2
d− n+ 2 and ein([g]) = ein(g) = −(n− 1)
n − 2d− 2
d
.
In four dimensions, the following theorem shows that one can upgrade positive scalar curvature
conformally flat metric to a metric of positive Eink curvature for any k ∈ (−∞, 3).
TheoremB. Let (M,g0) be a compact conformally flat 4-manifold with positive scalar curvature
then M admits a conformally flat metric g1 such that
Ein([g1]) ≥ 3 and ein([g1]) = −∞.
In particular, we have Ein(M) ≥ 3 and ein(M) = −∞.
In the general case one needs extra conditions on the conformal class in order to be able to
upgrade positive scalar curvature as in the following theorem
Theorem C. Let (M,g) be a compact 4-dimensional Riemannian manifold with positive scalar
curvature.
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(1) If
∫
σ2(A)µg > 0 then Ein([g]) > 2 and ein([g]) = −∞.
(2) If
∫
σ2(A)µg = 0 then Ein([g]) ≥ 2 and ein([g]) = −∞.
(3) If
∫
σ2(A)µg < 0 then
Ein([g]) ≥ 4Y [g]√
(Y [g])2 − 96 ∫σ2(A)µg + Y [g]
and ein([g]) ≤ −4Y [g]√
(Y [g])2 − 96 ∫σ2(A)µg − Y [g]
.
Where Y [g] is the Yamabe constant of the conformal class [g] and σ2(A) is the σ2-curvature.
We note that the above Theorem C is merely a reformulation of a Theorem by Gursky and
Viacklovsky [6] as will be shown in the last section of this paper.
2. Ein([g]) and ein([g]) constants of a conformally flat class
2.1. A vanishing theorem for manifolds with positive Eink curvature and applications.
In this subsection, we prove Theorem A and Corollary A stated in the introduction.
Theorem 2.1. Let (M,g) be a compact oriented conformally flat n-manifold and p an integer such
that 1 < p < n. Let k1 =
(n−1)(2p−n)
p−1 and k2 =
(n−1)(n−2p)
n−p−1 .
(1) Suppose n > 2p. If Ein([g]) > k2 or ein([g]) < k1 then the betti numbers bp and bn−p of M
vanish.
(2) Suppose n < 2p. If Ein([g]) > k1 or ein([g]) < k2 then the betti numbers bp and bn−p of M
vanish.
Proof. The hypothesis of the theorem implies the existence of a metric g in the conformal class [g]
such that Eink(g) > 0 where k is either k1 or k2 according to the cases. To prove the theorem we
shall use the classical Weitzenbo¨ck formula for differential forms
∆ = ∇∗∇+W,
where ∆ is the Laplacian of differential forms, ∇ is the Levi-Civita connexion and W is the
Weitzenbo¨ck curvature term. We shall prove that under the theorem hypotheses the Weitzenbo¨ck
curvature term is positive and the theorem follows from the previous formula. The curvature term
W once operating on p-forms take the form [11]
(5) Wp = g
p−2
(p − 2)!
(
gRic
p− 1 − 2R
)
.
Where R is the Riemann tensor and all the products are exterior products of double forms. Since
the manifold is conformally flat then the Weyl tensor vanishes and we have R = gA where
A =
1
n− 2
(
Ric− Scal
2(n − 1)g
)
,
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is the Schouten tensor. Consequently, we can see that
Wp = g
p−2
(p − 2)!
(
gRic
p− 1 − 2gA
)
=
gp−1
(p − 1)! (Ric− (2p − 2)A)
=
gp−1
(p− 1)!
(
(1− 2p− 2
n− 2 )Ric +
(p− 1)Scal
(n− 1)(n − 2)g
)
=
p− 1
(n− 1)(n − 2)
gp−1
(p − 1)!
(
Scal g − (n− 1)(2p − n)
p− 1 Ric
)
=
p− 1
(n− 1)(n − 2)
gp−1
(p − 1)! (Eink1)
(6)
Note that the last term g
p−1
(p−1)! (Eink) is positive if and only if the sum of the lowest p eigenvalues
of Eink is positive. In particular,
gp−1
(p−1)! (Eink) is positive if Eink is positive. To complete the proof
just notice that in a similar way the curvature term W once operating on n − p-forms takes the
form
Wn−p = n− p− 1
(n− 1)(n − 2)
gn−p−1
(n− p− 1)! (Eink2) .

Applying the previous theorem for the case p = 2 we get
Corollary 2.2. Let (M,g) be a compact conformally flat manifold of dimension n > 4. If Ein([g]) >
(n−1)(n−4)
n−3 or ein(g) < −(n− 1)(n − 4) then the betti numbers br of M vanish for 2 ≤ r ≤ n− 2.
Corollary 2.3. Let p ≥ 3, (Sp, g0) be the standard sphere of curvature +1 and let (Mp−1, g1) be
a compact space form of curvature −1. We denote by g the Riemannian product of g0 and g1 on
Sp ×Mp−1. Then
Ein([g]) = Ein(g) = 2 and ein([g]) = ein(g) = −2(p − 1)
p− 2 .
Proof. It is not difficult to check by a direct computation that Ein(g) = 2 and ein(g) = −2(p−1)p−2 .
Therefore Ein([g]) ≥ 2 and ein([g]) ≤ −2(p−1)p−2 . Note that in our case n = 2p − 1 < 2p and k1 = 2
and k2 = −2(p−1)p−2 . On the other hand, The metric g is conformally flat and therefore any metric in
the conformal class of g is conformally flat as well. Since b(p−1)
(
Sp ×Mp−1) = b(p−1) (Mp−1) 6= 0
then by Theorem 2.1 no conformally flat metric on Sp ×Mp−1 can have Ein([g]) > k1 = 2 or
ein([g]) < k2 = −2(p−1)p−2 . 
More generally, we have the following
Corollary 2.4. Let n, d be positive integers such that d < n−22 . Let (S
n−d−1, g0) be the standard
sphere of curvature +1 and let (Md+1, g1) be a compact space form of curvature −1. We denote by
g the Riemannian product of g0 and g1 on S
n−d−1 ×Md+1. Then
Ein([g]) = Ein(g) = (n− 1)2d− n+ 2
d− n+ 2 and ein([g]) = ein(g) = −(n− 1)
n − 2d− 2
d
.
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Proof. The proof is completely similar to the above proof. A straightforward computation shows
that for the standard product metric g one has Ein(g) = (n−1)2d−n+2d−n+2 and ein(g) = −(n−1)n−2d−2d .
Therefore Ein([g]) ≥ (n− 1)2d−n+2d−n+2 and ein([g]) ≤ −(n− 1)n−2d−2d .
Next we use the notations of the theorem, let p = n − d − 1 then 2p − n = n − 2d − 2 > 0 and
k1 =
(n−1)(2p−n)
p−1 = (n − 1)2d−n+2d−n+2 and k2 = (n−1)(n−2p)n−p−1 = −(n− 1)n−2d−2d .
The metric g being conformally flat then any metric in the conformal class of g is conformally flat as
well. Now since b(d+1)
(
Sn−d−1 ×Md+1) = b(d+1) (Md+1) 6= 0 then by Theorem 2.1 no conformally
flat metric on Sn−d−1×Md+1 can have Ein([g]) > k1 or ein([g]) < k2. This completes the proof. 
2.2. Nayatani metric and the Ein([g]) constant of a conformally flat class. In this section,
let (M,g) be a smooth compact connected locally conformally flat Riemannian n-manifold with
positive scalar curvature of dimension n ≥ 3, we denote by M˜ its universal cover. Schoen and Yau
[14], see also [8, 13], proved then that the developing map Φ : M˜ → Sn is a conformal embedding,
pi1(M) is isomorphic to a discrete subgroup Γ of Conf(M), Φ(M˜) is a domain Ω in S
n, it coincides
with the complement Ω(Γ) of the limit set Λ(Γ) of the action of pi1(M) ≈ Γ on the sphere Sn. In
other words, (M,g) is conformally equivalent to the Kleinian manifold Ω/Γ.
Let δ := δ(Γ) denotes the critical exponent of the Kleinian group Γ, see [14, 13]. It turns
out that δ depends only on the conformal class of g, precisely δ coincides with the Schoen-Yau
conformal invariant d(M, [g]) of the conformal class [g] of g. In addition, if the Kleinian group Γ is
not elementary, that is to say that its limit set Λ(Γ) is infinite, then δ coincides with the Hausdorff
dimension of the limit set.
We are now ready to state and prove the following
Proposition 2.5. Let (M,g0) be a smooth compact connected locally conformally flat Riemannian
n-manifold with positive scalar curvature of dimension n ≥ 3. Then
Ein([g0]) ≥ (n− 1)2δ − n+ 2
δ − n+ 2 .
Where δ is the conformal invariant of the class [g0] as above.
Proof. It follows from the above discussion that M = Ω/Γ is a Kleinian manifold. We suppose
that δ(Γ) > 0. Nayatani [13] constructed a canonical conformally flat metric g ∈ [g0] on M = Ω/Γ
whose Ricci curvature is given by
(7) Ric = −(n− 2)(δ + 1)A + (n − 2− δ)(trgA)g,
where A is a non-negative tensor whose trace trg A is strictly positive as we supposed the scalar
curvature is positive, see [13].
Consequently, one has
(8) Eink(g) = ((n− 1)(n − 2− 2δ) − k(n− 2− δ)) trgAg + k(n − 2)(δ + 1)A.
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This is clearly positive if k < (n− 1)2δ−n+2δ−n+2 .
In case δ = 0, then (M,g0) admits a conformal metric g with which M is locally isometric to
Sn−1×R [13]. Therefore, in this case one has Ein([g0]) ≥ Ein([g]) = n− 1. Finally, If δ = −1, that
is pi1(M) is finite, one has Ein([g0]) = n.

Example. Let Sd be a round d-sphere in the n-sphere Sn with 1 ≤ d ≤ n − 3. Let Ω = Sn\Sd
and G = Conf(Ω) := {f ∈ Conf(Sn) : f(Sd) = Sd}. It turns out that there exists a G-invariant
conformally flat metric, say g0, on Ω that makes it isometric to the standard product S
n−d−1×Hd+1,
see [13].
Let now Γ ⊂ G be a Kleinian group with limit set Λ(Γ) = Sd. The manifold M = Ω/Γ is
conformally flat and here δ = δ(Γ) coincides with the Hausdorff dimension of the limit set Sd is d.
The above proposition shows that
Ein([g0]) ≥ (n − 1)2d − n+ 2
d− n+ 2 .
In fact, we have even equality, see Corollary 2.4.
2.3. Connected sums of conformally flat manifolds of positive Eink curvature. The pos-
itivity of the Eink curvatures tensor are preserved under surgeries of certain codimensions, see [9].
In particular, we have the following special case
Theorem 2.6 ([9]). (1) For k ∈ (−∞, 2), the connected sum of two manifolds each one of
positive Eink curvature and with dimension ≥ 3 has a metric of positive Eink curvature.
(2) For k ≥ 2, the connected sum of two manifolds each one of positive Eink curvature and with
dimension > k + 1 has a metric of positive Eink curvature.
The next theorem is a refinement of the above result
Theorem 2.7. (1) For k ∈ (−∞, 2), the connected sum of two conformally flat manifolds each
one of positive Eink curvature and with dimension ≥ 3 admits a conformally flat metric of
positive Eink curvature.
(2) For k ≥ 2, the connected sum of two conformally flat manifolds each one of positive Eink
curvature and with dimension > k + 1 admits a conformally flat metric of positive Eink
curvature.
Proof. This theorem is actually a special case of a more general theorem due to Hoelzel, see Theorem
6.1 in [7]. We shall use the same notations as in [7]. Let CB(R
n) denote the vector space of
algebraic curvature operators Λ2Rn → Λ2Rn satisfying the first Bianchi identity and endowed with
the canonical inner product. Let
CEink>0 := {R ∈ CB(Rn) : Eink(R) > 0},
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where for a unit vector u, Eink(R)(u) = Scal(R)u − kRic(u). Here Ric and Scal(R) denote re-
spectively as usual the first Ricci contracttion and the full contraction of R. The subset CEink>0
is clearly open, convex, star shaped with respect to the origin and it is an O(n)-invariant cone.
Furthermore, it is easy to check that Eink(S
n−1 ×R) > 0 for n− 1 > k. The theorem follows then
from Theorem 6.1 in [7].

3. Ein([g]) and ein([g]) constants of conformally flat metrics in four dimensions:
Proof of Theorem B
The following theorem (this is Theorem B stated in the introduction) shows that one can
upgrade positive scalar curvature conformally flat metric to positive Eink curvature for any k ∈
(−∞, 3).
Theorem 3.1. Let (M,g0) be a compact conformally flat 4-manifold with positive scalar curvature
then M admits a conformally flat metric g1 such that
Ein([g1]) ≥ 3 and ein([g1]) = −∞.
In particular, we have Ein(M) ≥ 3 and ein(M) = −∞.
Proof. First, note that in dimension 4, a positive scalar curvature conformally flat metric has
positive isotropic curvature. Next, according to the classification of compact four manifolds with
positive isotropic curvature by Chen-Tang-Zhu [2], such a manifold must be either diffeomorphic
to the sphere S4, the real projective RP4 , quotients of S3 × R or a connected sum of these. All
the previous manifolds and their connected sums admit conformally flat metrics with positive Eink
curvature for any k ∈ (−∞, 3) by Theorem 2.7. This completes the proof. 
Remark. It is an open question to decide whether one can choose the metric g1 in the class [g0]
of the initial metric g0, that is to decide whether Ein([g0]) ≥ 3 and ein([g0]) = −∞.
4. Ein([g]) and ein([g]) constants in four dimensions
4.1. Proof of Theorem C. Let (M,g) be a compact Riemannian 4-manifold and let A denotes
its Schouten tensor, we denote as usual by σ1(A) and σ2(A) respectively the trace of A and sec-
ond elementary symmetric function in the eigenvalues of A. We recall two important conformal
invariants of [g]. The first one is the celebrated Yamabe invariant Y [g] and is defined by
Y [g] = inf
g¯∈[g]
1
(Vol(g¯))1/2
∫
M
Scal(g¯)µg¯.
The second one is
∫
σ2(A)µg, that is the integral over M of σ2(A).
In four dimensions, the positivity of σ1(A) and σ2(A) imply simultaneously the positivity of the
Einstein tensor and the positivity of the Ricci tensor [1]. Consequently they imply Ein([g]) > 2 and
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ein([g]) = −∞. The previous simple algebraic property was generalized in [1] and [6] to conformally
invariant properties of the conformal class of g, see the main Theorem of [6] and Theorem A in [1].
As a consequence of their results we have the following
Theorem 4.1. Let (M,g) be a compact 4-dimensional Riemannian manifold with positive scalar
curvature.
(1) If
∫
σ2(A)µg > 0 then Ein([g]) > 2 and ein([g]) = −∞.
(2) If
∫
σ2(A)µg = 0 then Ein([g]) ≥ 2 and ein([g]) = −∞.
(3) If
∫
σ2(A)µg < 0 then
Ein([g]) ≥ 4Y [g]√
(Y [g])2 − 96 ∫σ2(A)µg + Y [g]
and ein([g]) ≤ −4Y [g]√
(Y [g])2 − 96 ∫σ2(A)µg − Y [g]
.
Proof. The first part is a direct consequence of Corollary B to Theorem A in [1]. The remaining
two parts are a consequence of the main Theorem in [6] which asserts that under the hypothesis
4
∫
M
σ2(A)µg +
α(α+ 1)
6
(Y [g])2 > 0
for an arbitrary positive constant α the existence of a conformal metric g¯ ∈ [g] with
(9) Ein−2
α
(g¯) > 0 and Ein 2
α+1
(g¯) > 0.
So if
∫
M σ2(A) = 0 and since α > 0 is arbitrary we immediately get the conclusions Ein([g]) ≥ 2
and ein([g]) = −∞. Finally, if ∫M σ2(A) < 0 denote by c the following positive constant
c =
−24 ∫m σ2(A)µg
(Y [g])2
.
The aforementioned theorem guarantees under the condition α > 12
(√
4c+ 1− 1) the existence of
a conformal metric g¯ ∈ [g] that has the property 9, that is ein([g]) < −2α and Ein([g]) > 2α+1 . In
other words,
α >
1
2
(√
4c+ 1− 1) =⇒ α > −2
ein([g])
and
α >
1
2
(√
4c+ 1− 1) =⇒ α > 2
Ein([g])
− 1.
From which we conclude that
ein([g]) ≤ −4√
4c+ 1− 1 and Ein([g]) ≥
4√
4c+ 1 + 1
.
This completes the proof. 
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4.2. The positivity of Paneitz operator and the condition Ein([g]) > 1. For a Riemannian
manifold (M,g) of dimension 4, the Paneitz operator Pg is a fourth order generalization of the
usual Laplacian ∆ and is defined by
(10) Pg(φ) = ∆
2φ+
2
3
δ
(
Ein3
)
dφ.
Where Ein3 = Scal.g−3Ric. An important future of Pg is that it is conformally invariat. Precisely,
if g¯ = e−2ug then
(11) Pg¯ = e
4uPg.
In particular, the positivity of the Paneitz operator is a conformally invariant property and its ker-
nel is conformally invariant as well. The following theorem is a slightly weaker form of a Theorem
due to Eastwood and Singer, see Theorem 5.5 in [4] and also due to Gursky and Viacklovsky, see
Proposition 6.1 in [6]. It provides a sufficient condition for the non-negativity of Paneitz operator.
Theorem 4.2. If a compact Riemannian 4-manifold (M,g) has the property Ein([g]) > 1 then
its Paneitz operator Pg is non negative. Furthermore, the kernel of Pg consists only of constant
functions.
Note that the condition Ein([g]) > 1 implies by definition the existence of a metric g1 in the
conformal class [g] such that Eink(g1) > 0 for some k > 1 and the theorem follows from Theorem
5.5 in [4]. Also, since Eink(g1) > 0 =⇒ Ein1(g1) > 0 the theorem follows from Proposition 6.1 in
[6]. For the seek of completeness we provide a proof of this theorem
Proof. Let λ be an eigenvalue of Pg and u a corresponding eigenfunction. Using the fact that the
Laplacian operator is self adjoint we get
∫
< λu, u > µg =
∫
< Pu, u > µg = λ
∫
u2µg
=
∫ {
< ∆2u, u > +
(2
3
Scal g − 2Ric)(∇u,∇u)}µg
=
∫ {
(∆u)2 +
(2
3
Scal g − 2Ric)(∇u,∇u)}µg
=
∫ {−1
3
(∆u)2 +
4
3
(∆u)2 +
(2
3
Scal g − 2Ric)(∇u,∇u)}µg.
(12)
The Bochner formula shows that
(13)
4
3
∫
(∆u)2µg =
4
3
∫ {|Hessu|2 +Ric(∇u,∇u)}µg
Hence, we deduce that
9
λ∫
u2µg =
∫ {−1
3
(∆u)2 +
4
3
|Hess u|2 + (2
3
Scal g − 2
3
Ric
)
(∇u,∇u)
}
µg
≥2
3
∫ {(
Ein1
)
(∇u,∇u)
}
µg.
(14)
Where in the last step we used Newton-Maclaurin’s identity as follows
(σ1(Hess u))
2 ≥ 8/3σ2(Hess u) = 4/3
(
(σ1(Hess u))
2 − |Hess u|2
)
.
The first part of the result follows directly. If λ = 0 then clearly ∇u = 0 and then the function u
is constant. 
Associated with the Paneitz operator is the Q-curvature defined by
(15) Qg = − 1
12
∆Scalg + 2σ2(Ag).
As a corollary of the above proposition we have
Corollary 4.3. If a compact Riemannian 4-manifold (M,g) has the property Ein([g]) > 1 then it
admits a conformal metric with constant Q-curvature.
Proof. First note that the previous proposition guarantees that the kernel of Pg consists of constant
functions.
Next, since the condition Ein([g]) > 1 implies the positivity of the Yamabe constant of rhe conformal
class [g], Theorem B of Gursky [5] shows that
∫
Qgµg ≤ 8pi2 with equality if and only if the manifold
is conformally equivalent to the sphere. In the case
∫
Qgµg < 8pi
2, a theorem of Djadli-Malchiodi
[3] guarantees the existence of a metric with constant Q-curvature. 
Remarks. (1) M. Lai proved in [12] an equivalent version the above theorem and corollary
under the condition of 3-positive Ricci curvature. It is easy to show that a metric g has
3-positive Ricci curvature if and only if Ein1(g) > 0.
(2) For higher dimensions n ≥ 4, let k = 2n(n−1)3n−4 . It is proved in [9] that Eink > 0 =⇒ Γ2(A) >
0, that is positive scalar curvature and positive σ2 curvature, in particular it implies the
positivity of the integral of the Q-curvature.
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